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Abstract. This paper studies three natural pre-orders of increasing generality 
on the set of all completely non-unitary partial isometries with equal defect 
indices. We show that the problem of determining when one partial isometry is 
less than another with respect to these pre-orders is equivalent to the existence 
of a bounded (or isometric) multiplier between two natural reproducing kernel 
Hilbert spaces of analytic functions. For large classes of partial isometries 
these spaces can be realized as the well-known model subspaces and deBranges- 
Rovnyak spaces. This characterization is applied to investigate properties of 
these pre-orders and the equivalence classes they generate. 
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1. Introduction 

This paper explores several partial orders on various sets of equivalence classes 
of partial isometries on Hilbert spaces and their relationship to the function the¬ 
ory problem of when there exists a multiplier from one Hilbert space of analytic 
functions to another. 

More specifically, for n G N U {oo}, we examine the class of all bounded 

linear operators V on a complex separable Hilbert space % satisfying: (i) V is a 
partial isometry; (ii) the defect spaces 2)+(V) := Ker(V) and D-{V) := Ran(V)-^ 
have equal dimension n; (iii) there exists no proper reducing subspace A4 for V 
for which VjM is unitary. An operator satisfying this last condition is said to be 
completely non-unitary. We use the notation Yn when considering the set of all 
YniU) for any Hilbert space H. 

A theorem of Livsic m settles the unitary equivalence question for Yn- More 
precisely, to each V £ Yn there is an associated operator-valued contractive analytic 
function wy on ID), called the characteristic function associated with V, such that 
W) ^2 G ria are unitarily equivalent if and only if wy^ coincides with wy.^. This idea 
was expanded to contraction operators [51151 1^1^ . 

In this paper, we explore three partial orders on Yn and their possible relation¬ 
ships with the Livsic characteristic function. After some introductory material, we 
define three relations and on Yn- Each defines a pre-order (reflexive and 

transitive) and each induces an equivalence relation on Yn hy A ^ B if A B and 
B ^ A (similarly for the relations and ^q). In turn, these three equivalence rela¬ 
tions generate corresponding equivalence classes [A] of operators in Yn and induce 
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partial orders on the set of equivalence classes Xi/ The first of these partial 
orders was explored by Halmos and McLaughlin [13] and the equivalence classes 
turn out to be trivial in the sense that A ^ B and A if and only \i A = B. 
Classifying the equivalence classes induced by and is more complicated and 
requires further discussion. 

Our approach to understanding ^ and is to recast the problem in terms 
of the existence of multipliers between spaces of analytic functions. Using ideas 
from Livsic m and Krein |16) (and explored further by deBranges and Rovnyak 
in and by Nikolskii and Vasyunin in [20])) we associate each V G with a 
Hilbert space of vector-valued analytic functions on C\T such that U|Ker(y)-L is 
unitarily equivalent to 3y, where 3y/ = zf on Dom(3y) = {/ G : zf G Jfy}. 
We show, for Ui,V 2 € that (i) Vi is unitarily equivalent to V 2 if and only if 
there is an isometric multiplier from onto (more precisely, there exists 
an operator-valued analytic function $ on C \ T such that ^J^Vi = ■^^2 the 
operator /!->■$/ from to is isometric); (ii) Vi =4 V 2 if and only if there 
is an isometric multiplier <f> from into ; (iii) Vi = 4 q V 2 if and only if there 
is a multiplier $ from into (that is, ^J^y^ C My^). 

What makes this partial order problem interesting from a complex analysis per¬ 
spective is that under certain circumstances, depending on the Livsic function, the 
partial order problem (When is H =:^ B1 When is A =4q Bl) can be also rephrased 
in terms of the existence of (isometric) multipliers from one model space (0iL^)-*- to 
another, or perhaps from one de Branges-Rovnyak space to another. These 

are well-known and well-studied Hilbert spaces of analytic functions on D which 
have many connections to operator theory [5l[6l [201125] . 

2. Partial isometries 

Let B{'H) denote the set of all bounded operators on a separable complex Hilbert 
space H. 

Definition 2.1. A operator V G B{'H) is called a partial isometry if U|Ker(y)-L is an 
isometry. The space Ker(U)^ is called the initial space of V while Ran(U) is called 
the final space of V. The spaces 2)+(U) := Ker(U) and I)_(U) := Ran(U)-'- are 
called the defect spaces of V and the pair of numbers (n+,n_), where n+ and n_ 
are the corresponding dimensions of J)+(U) and 2)_(U), are called the deficiency 
indices of V. 

Note that a partial isometry V with dehciency indices (0, 0) is a unitary operator. 
The following proposition is standard and routine to verify. 

Proposition 2.2. For V G B{'H) the following are equivalent: 

(1) V is a partial isometry; 

(2) V = VV*V; 

(3) V* is a partial isometry; 

(4) V*V is an orthogonal projection; 

(5) VV* is an orthogonal projection. 

One can show that V*V is the orthogonal projection of Ti onto the initial space 
of V while VV* is the orthogonal projection of "H onto the final space of V. Note 
that if U is a partial isometry, then Q 1 VQ 2 is also a partial isometry for any unitary 
operators Qi,Q 2 onH. 
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When dim {%) < oo, the partial isometries V on % are better understood [HlfTdl 
[15]. Here we think of H G Mn{C). For example, if {ui,..., u„} is an orthonormal 
basis for C" then for any 1 ^ r ^ n the (column partitioned) matrix 

[ui|u2|---|u,|0|0|---|0] (2.3) 

is a partial isometry with initial space V{®1 j ■ ■ ■ j (where Sj is the jth standard 
basis vectors for C" and V is the linear span) and final space \/{ui, • ■ ■, u^}. For 
any n x n unitary matrix Q 

Q[ui|u2|---|w|0|0|...|0]Q* (2.4) 

is also a partial isometry. 

Proposition 2.5. For V G M„(C), the following are equivalent: 

(1) V is a partial isometric matrix. 

(2) V = Q[ui|u 2 | • • • |ur|0|0| • • • |0]Q*, where {ui,..., : 1 < r < n} is a set 

of orthonormal vectors in C” and Q is a unitary matrix. 

(3) V = UP, where U is a unitary matrix and P is an orthogonal projection. 


The unitary matrix U in the proposition above is not unique and is often called 
a unitary extension of V. For general partial isometries V on possibly infinite 
dimensional Hilbert spaces T-L, unitary extensions in BijH) need not always exist. 
However, we know exactly when this happens [T]. 

Proposition 2.6. A partial isometry V G H('H) has unitary extensions in B{'H) if 
and only if V has equal deficiency indices. 

When dim (jH) < oo, deficiency indices are always equal. 

Definition 2.7. A partial isometry V G B{'H) is completely non-unitary if there is 
no nontrivial reducing subspace M of H (that is, HAt C At and V*M C At) such 
that VIm is a unitary operator on At. 

It is well-known [25] that every partial isometry V can be written as H = Vi © V 2 , 
where Vi is unitary and V 2 is completely non-unitary. In finite dimensions it is easy 
to identify the completely non-unitary partial isometries. 

Proposition 2.8. A partially isometric matrix V G M„(C) is completely non- 
unitary if and only if all of its eigenvalues lie in the open unit disk ID. 


Remark 2.9. Our launching point here is the work of Livsic which explores 
this same material in a slightly different way. Livsic considers isometric operators 
V that are defined on a domain Dom(H) on a Hilbert space FL such that V is 
isometric on Dom(y). Here, the defect spaces are defined to be Dom(H)-*“ and 
(H Dom(H))'*‘. If we define 


Hx = 



if X G Dom(H), 
if X G Dom(H)-*-, 


( 2 . 10 ) 


then H is a partial isometry with initial space Dom(H)-*- and final space V Dom(H). 
Conversely, if H is a partial isometry, then V = H|Ker(y)v is an isometric operator 
in the Livsic setting. 
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Remark 2.11. The discussion of unitary equivalence and partial orders in this 
paper focuses on partial isometries. However, using some standard theory, all of 
our results have analogues expressed in terms of unbounded symmetric linear trans¬ 
formations [1]. Indeed, let 

/ 3 (^) = ^ 

denote the Cayley transform, a fractional linear transformation that maps the upper 
half plane C+ bijectively to D and R bijectively onto T \ {1}. Here T denotes the 
unit circle in C. Notice that 

r'(4 = d + ' 


1-z 


If H is a partial isometry, the operator 


5:= r {V)=i{I + V)iI-V) 


-1 


is an unbounded, closed, symmetric linear transformation with domain 

Dom(S') = {I — V) Ker(H)'*‘. 

Note that if I is an eigenvalue of V, then S = is not densely defined. This 

poses no major technical difficulties in our analysis, but it is something to keep 
in mind. See [nm] for references on symmetric linear transformations which are 
not necessarily densely defined. We will reserve the term symmetric operator for a 
densely defined symmetric linear transformation. 

Conversely, if S' is a symmetric linear transformation with domain Dom(S), then 

P{S) = (S-i/)(S + f/)-i 

is an isometric operator on the domain (S -I- il) Dom(S) that can be extended to a 
partial isometry on all of T-L by extending it to be zero on the orthogonal complement 
of its domain. A closed symmetric linear transformation is said to be simple if its 
Cayley transform V = f3{S) is completely non-unitary. This happens if and only 
if S has no self-adjoint restriction to the intersection of its domain with a proper, 
nontrivial invariant subspace. 

Note that V has unitary extensions if and only if /3~^{V) has self-adjoint ex¬ 
tensions. The Cayley transform shows that ii V = I3{S), the deficiency sub¬ 
spaces Ker(I/) and Ran(H)'*- are equal to the deficiency spaces Ran(5' — */)■*■ and 
Ran(S' -I- il)-^, respectively. 


Let us give some examples of partial isometries that will be useful later on. 

Example 2.12. (I) The matrices Q[ui|u 2 | • • • |ur|0|0| • • • |0](5* from (12.4p are 

all of the partial isometries on C". 

(2) Every orthogonal projection is a partial isometry. However, no orthogonal 
projection is completely non-unitary. 

(3) The unilateral shift S : H'^ —?> Sf = zf, on the Hardy space H'^ [7] is 

a partial isometry with initial space and final space Hq := {/ G : 
/(O) = 0}. The defect spaces are 'D+{S) = {0}, D-{S) = C and thus the 
deficiency indices of S are (0,1). Since the indices are not equal, S does 
not have unitary extensions to fProposition 12.61) . 

(4) The adjoint S* of S is given by S'*/ = and it is called the backward 

shift. Note that S* is a partial isometry (Proposition 12.21) with initial 
space Hq and final space The defect spaces are D+(S*) = C and 
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= {0} and thus the deficiency indices are (1,0). Thus the backward 
shift S* has no unitary extensions to H^. 

(5) The operator S* (B S : H'^ © —>■ H'^ © H"^ is a partial isometry with 

initial space and final space © H^. The defect spaces are 

S+(S'* © S') = C © {0} and 2)_(S* © S) = {0} © C and thus S* ® S has 
deficiency indices (1,1). One can show that this operator is also completely 
non-unitary and thus S* (B S € 

(6) Consider the partial isometry S©S* acting on TL := . Alternatively, 

this operator can be viewed as the operator block matrix 

Is* 0 

S* 0 


acting on the Hilbert space 

n := 01/2 

One can verify that 

Ker(S©S*)-^ :=0^o, 

Ran(S © S*)-^ = Ker(S* © S) = 0 0{O}, 

fc^i 

and that S © S* is completely non-unitary. Thus S © S* € © H"^)- 

(7) If 0 is an inner function, define ICq = to be the well-known model 

space. Consider the compression Sq := PeS|/Ce) of the shift to ICq, where 
Pq is the orthogonal projection of onto ICq. If 0(0) = 0, one can show 
that 

®+(Se) = Ker(Se) = C-, S)-(Se) = (Ran(Se))-^ = C. 

z 

Furthermore, Ker(Se)‘'‘ = {/ G ICq : zf G Kq} and so Sq is isometric on 
Ker(Se)‘'‘. Thus Sq is a partial isometry with defect indices (1,1). It is 
well-known that the compressed shift Sq is irreducible (has no nontrivial 
reducing subspaces) and thus Sq is completely non-unitary. Hence, assum¬ 
ing 0(0) = 0, S'e G 'f'i{ICQ). The model space ICq is a reproducing kernel 
Hilbert space with kernel 

l^eg)0 
^ 1 — Xz 

To every model space there is a natural conjugation Cq defined via the 
radial (or non-tangential) boundary values of / and 0 by CqJ = 0C/- One 
can see that Cq is conjugate linear, isometric, and involutive. Furthermore, 
a calculation shows that 

CQkf = 


(2.13) 


0-0(A) 
z — A 
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The compressed shift Sq also obeys the property S'e = CqS^Cq. This puts 
Sq into a class of operators called complex symmetric operators isHn]. 
Furthermore, Sq = S'* 1^:0 1 the restriction of the backward shift to the 
model space ICq. 

( 8 ) Another partial isometry on ICq closely related to Sq is created as follows. 
The operator MqJ = zf is not a well defined operator on all of JCq, but it is 
defined on Dom(Me) = {/ G JCq : zf £ JCq}. A little thought shows that 
Dom(Me) = {/ £ JCq : (C' 0 /)(O) = 0}. Using the isometric nature of Cq 
and the fact that point evaluations are continuous, we see that Dom(Me) 
is closed. Furthermore, we know that Ran(Me) = MeDom(Me) = {/ £ 
JCq ■ /(O) = 0}. Keeping with our previous notation from Remark |2.91 let 
Mq be the operator that is equal to Mq on Dom(M 0 ) and equal to zero 
on Dom(M 0 )'*-. Observe that Mq is a partial isometry with initial space 
Dom(M 0 ) and final space Ran(M 0 ). Furthermore, the defect spaces are 

D+{Mq) = CC0fco®, D_(M0) = Cfc® 


so that Mq £ yi^KQ). In fact, if 0(0) = 0, then Mq = Sq. We will see in 
Example 18.61 below that for any a £ D, Mq = Mq^, where 


(9) 


Thus for any inner 0, Mq = SQ^^gy 

For b £ Hf° := {g £ H°° : || 5 ||oo ^ 1}, the closed unit ball in H°°, define 
the deBranges-RovnyaJt space to be the reproducing kernel space 
corresponding to the kernel 




b _ 
A — 


1 - b{\)b 
1 — Az 


A, z £ D. 


When || 6 ||oo < Ij J^{b) — with an equivalent norm. On the other 
extreme, when b is an inner function, J^(b) is the model space JCb with the 
standard norm [ 22 ] . 

The analogue of the compressed shift Sq can be generalized to the case 
where b is an extreme point of the unit ball of iJ°°, but not to the case 
where b is not an extreme point. To see this, note from [22 11-7] that 
S*Jfib) C JJf{b). If X = S'*|jr(f)); then it was shown in |22l II-9] that 
X*f = Sf — (/, S*b)bb. If we define JJfo{b) = {f £ Jjf : /(O) = 0}, we can 
use the formula above for X* to get 


X*Xf = X*S*f = SS*f - {S*f, S*b)bb = / - (S'*/, S*b)bb. 


Since b is an extreme point, b ^ JJf{b) by [12 V-3], and it follows that 
{S* f, S*b)bb = 0. Thus X*\s*jffg(b) = S\s>j^g{b) and Mb := S\s>j^g{b) 
is an isometry from S*JJCo{b) onto JJJo{b). A little thought shows that 
{/ £ JJf{b) : zf £ Jf'( 6 )} = S*J^o{b) and so Mb is multiplication by the 
independent variable on 

Dom(Mf,) = {/ £ J^ib) : zf £ J^{b)}. 


One also has 


Ran(A4)-^ = C/cq. 





PARTIAL ORDERS ON PARTIAL ISOMETRIES 


7 


Furthermore, using the fact that {S*f,S*b)b = 0 for all / G S*J^o{b) = 
Dom(M{,), we see that 

Dom(Mb)-L = CS*b. 

This means that the extension operator Mb from Remark 12.91 is a partial 
isometry with (1,1) deficiency indices. One can also show that Mb is com¬ 
pletely non-unitary and thus Mb G 'fi{Mf{b)) whenever b is extreme. The 
analysis above breaks down when b is non-extreme. 

3. Abstract model spaces 

In this section we put some results from [smuniiniiin] in a somewhat different 
context and show that for V G 'fn{'H), n < oo, and model T for V (which we 
will define momentarily) there is an associated reproducing kernel Hilbert space of 
C"-valued analytic functions on C \ T such that 

^lKer{V)-'- : 

where 

3y.r : Dom(3y,r) 3y,r = zf, 

Dom(3i/,r) = {/ G .^v,T ■ zf G ^v,t}- 

As before fRemark 12.9L 3y.r is the partial isometric extension of 3y,r- This idea 
was used in a recent paper [2, in the setting of symmetric operators, but we outline 
the idea here. 

Since V G it has equal deficiency indices and we know from Proposition 

12.61 that V has a unitary extension [/. For V G "fnifU) Livsic [l7] defines, for each 
z G C \ T, the isometric linear transformation Vz by 

Vzf := (R - zl){l - zV)-^f, / G (/ - zR)| Ker(R)^. 

Extend this definition to all of H by making 14 equal to zero on {{I—zV) \ Ker(R)-*-)-‘-. 
This will define a partial isometry whose initial space is 

Ker(I4)-‘“ = (/— zR) Ker(R)'*‘. 

We we define 

Ran(R - zl) := (R - zl) Ker(R)-L, 

the final space of Vz is 

Ran(R 2 ) := Vz Ker(R^)-‘- = Ran(V 2 ). 

Proposition 3.1. For each z G C \ T, we have Ran(Rz) = Ran(R — zl). 

Proof. Note that Ker(Rz)-*- = (/ — zR) Ker(R)-‘- and so 
Ran(Rz) = Vz Ker(Rz)-‘- 
= (R - zl){l - zR)-i(/ - zR) Ker(R)^ 

= (R - z/) Ker(R)-L = R^(R - zJ) □ 

Proposition 3.2 (Livsic). For each z G C \ T and unitary extension U of V we 
have 


(/ - zC/)-iRan(R)-L = Ran(R^)-L. 


STEPHAN RAMON GARCIA. ROBERT T. W. MARTIN, AND W.T. ROSS 


Proof. Suppose / G Ran(y)-*-. By the previous proposition, Ran(t4) = Ran(R — 
zl) = (V — zl) Ker(R)-‘-. Hence, 

((/ - zUy^f, R^(y,)) = {U*{U* - z)-y, (H - zl) Ker(H)^) 

= {f,UKei{Vy) = (/, Ran(R)) = 0. □ 

We now follow a construction in [5]. The proofs there are in the setting of 
symmetric operators but the proofs but carry over to our setting. Indeed, since 
RanR-’- is an n-dimensional vector space, we let 

j : C" ^ SmH-L 

be any isomorphism and define 

r(A) := {I-XU)-^ o j. 

Then T : C \ T —>■ i3(C", "H) is anti-analytic and, for each A G C \ T, 

r(A) : C" ^ lSn(R - XI^ 

is invertible. We also see that r(z)*r(A) is invertible for z, A G D or z, A G Dg, 
where De := C \ D“. Finally, as discussed in [2], the fact that V is completely 
non-unitary (so that fi~^(y) is simple) implies 

\J Ran(r(A)) = H. 

AeC\T 

For any / G H define 

7(A) = F(A)7, 

and let 

^v.T :={/:/ G %}. 

When endowed with the inner product 

if: 9 } .^V,T ■ if: 9 } : 

becomes a C"-valued Hilbert space of analytic functions on C \ T such that 
the operator 

/^7 

is a unitary operator from % onto which induces the unitary equivalence 

^lKer(V)-L - 3y,r, 

where the isometric linear transformation Sy.r acts as multiplication by the inde¬ 
pendent variable on JXifv on the domain 

Dom(3v.r) = {/ S : zf G J^.r}. 

Note that the hypothesis that V is completely non-unitary is needed here for the 
inner product on to be meaningfully defined, see [5] for details. 

Definition 3.3. X^v.v is the abstract model space for V induced by the model F. 
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Remark 3.4. We are not constrained by the above Livsic trick in selecting our 
model r for V. There are other methods of constructing a model [2]. For example, 
we can use Grauert’s Theorem, as was used to prove a related result for bounded 
operators in a paper of Cowen and Douglas [3], to find a anti-analytic vector-valued 
function 

7 (A):=(7 (A)i,--- AeC\T, 

where { 7 (A)i,-- - , 7 (A)„} is a basis for Ran(F — A/)-'-. Then, if is the 

standard basis for C", we can define our abstract model for V to be 

n 

r(A):=^7(A),®e,. (3.5) 

An abstract model space for Mv,t is not unique. However, if and are 

two abstract model spaces for V determined by the models T and T', then = 

QJ^S for some analytic matrix-valued function on C \ T. Via this multiplier 0 
one can often realize, by choosing the model in a particular way, as a certain 

well-known space of analytic functions such as a model space, de Branges-Rovnyak 
space, or a Herglotz space. We will get to this in a moment. For now we want to 
keep our discussion as broad as possible. 

Remark 3.6. Since 3vs = D|Ker(y)-L, 3v,r is isometric on Dom(3E,r). As dis¬ 
cussed in Remark mu we need to think of 3y,r as a partial isometry on We 

can do this by extending 3y,r to all of Jtyy so that the extended operator 3y,r on 
is a partial isometry with 

Ker(3y^r)^ = Dom(3y_r)- 

The unitary equivalence of F|Ker(y)-L and 3y,r can be extended to a unitary equiv¬ 
alence of V and 3y,r- 

The representing space 

JTy y = ‘ ^ 

turns out to be a reproducing kernel Hilbert space with reproducing kernel 
fcf (z) = r(z)*r(R;), r;,zGC\T. 

This kernel is M„(C)-valued for each w, z G C\T, is analytic in z, and anti-analytic 
in w. By the term reproducing kernel we mean that for any (C”-valued) / G M’ 
and any w G C \ T we have 

(/> = (/(w), a)c" Va G C”. 

In the above is the inner product in the Hilbert space while (•,•)€" is 

the standard inner product on C". 

Also note that the space has the division property in that if / G and 
f{w) = 0, then (z — w)~^f G This means that for any w G C \ T, there is a 
/ G for which f{w) yf 0. From the reproducing kernel identity above, we see 
that for any w G C\T, the span of {k :^(•)& : a G C"} is an n-dimensional subspace 
of Jif. Such a kernel is said to be non-degenerate. 

Let us give a few examples of abstract models for some of the partial isometries 
from Example 12.121 There is a more canonical choice of model space for V. We 
will see this in the next section. 
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Example 3.7 (Classical Model spaces). Recall the model space /Ce = 
and the operator Mq. If we understand that 

Ran(Me - A/) = (Me - A/) Dom(M 0 ), 

then 

Ran(Me — XI) = Ran(Me — \I). 

Standard computations show that 

Ran(Me — XI)^ = Ckf, |A| < 1, 

Ran(Me — XI)^ = CCekf^j, |A| > 1, 

where Cq is the conjugation on ICq discussed in Example 12.121 

Using our trick from (1^ . we can compute the abstract model for the partial 
isometry Mq by defining 

= if|A|<l, 

if|A|>l. 

Our abstract model space for Mq corresponding to E is thus 

^Me.r = {T*f : / G /Ce}. 


Observe that 


which becomes 


r(A)V = 


(/,fc0) if|A|<l, 
{f,CQkf) if|A|>l, 


r(A)*/= ^ if|A|<i, 

l(C'e/)(l/A) if|A|>l. 


Example 3.8 (Vector-valued model spaces). For a nxn matrix-valued inner func¬ 
tion 0 on D we can define the vector-valued model space by 

JCq = 

where is the vector-valued Hardy space of D. The reproducing kernel for ICq 


is the matrix 


Kfiz) = 


l-0(A)*0(z) 

1-Az ’ 


meaning 


(/(A), a)cn = (/, , A G ro, a G C", / G 


There is a conjugation of sorts here, defined by 

Ce : /Ce ^ Kqt, (Ce/)(C) = 0^(C)(t/)(C), 

where f is component-wise Schwarz reflection and T denotes the transpose. As 
before, one can show that 

Ran(Me - XI) = \/{Kfej : 1 < j ^ n}, |A| < 1 

and 

Ran(Me - XI) = \J{CQTKf^ej : 1 ^ ^ n}, |A| > 1. 

An abstract model for Mq is then 

J2l=iKfej (^Bj if|A|<l, 


r(A) = 




if |A| > 1. 






PARTIAL ORDERS ON PARTIAL ISOMETRIES 


11 


For any / S Kq^ we have 


(r(A)*/,a)cn 


(/(A),a)c« _ if|A|<l, 

(a,0^(l/A)(t/)(l/A))cn if|A|>l. 


Example 3.9 (de Branges-Rovnyak spaces). Let b G . As discussed previously, 
there is a natural conjugation Cf, ■ J^{b) —>■ J^{b) which intertwines and 
and operates on reproducing kernels by 


Cbkiiz) 


b(z) - b(X) 
z — \ 


Using this conjugation, Example 13.71 generalizes almost verbatim to this case. In 
particular 

Ran(M6 - = Ck^, if |A| < 1, 

Ran(M6 - XI} = CCtk^^j, if |A| > 1, 
and we can define a model for the partial isometry Mi, via 


r(A) = 


k^0 1 if |A| < 1, 
Cbk'!,j (8) 1 if lAI > 1. 


As before we get that J^Mb = {r*/| / G ICb} where 


r /(A) if |A| <1 

1 (a/)(l/A) if |A| > 1 


Example 3.10 [S* 0 S). Consider the operator A := 5* 0 5 on "H := 0 H'^ 

discussed earlier in Example l2.121 Since S has indices (0,1) and S* has indices (1, 0), 
it follows that A has indices (1,1). Moreover, one can show that A is completely 
non-unitary. A calculation using the fact that 


Ker(A) = Ker(S'*) 0 Ker(S') = C 0 0 


shows that 


Ran(A - XI) = {0} 0 Ran(S' - XI) = {0} 0 Cca, |A| < 1 


and 


Ran(A - XI) = {S* - XI) Ker(S'*)-^ = Cc^/x 0 {0}, |A| > 1. 

In the above, 

is the Cauchy kernel (the reproducing kernel for H^). Thus the model becomes 


r(A) = 


_ f (0 0 ca) 0 1 if |A| < 1, 
\(ci/A®O)0l if|A|>l, 


r(A)*(/i0/2) 


/ 2 (A) if |A| < 1, 
/i(l/A) if|A|>l. 


and so 
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Example 3.11 (A restriction of {S* 0 S)). Let 

B := A|^20fl-2 = S* ® S\fj2 

which was discussed earlier in Example [2321 Observe that Ker(_B) = C(1 © 0) and 
so Ker(_B)'^ = Hq 0 H^. Furthermore, Ran(i?)-*- = C(0 © z). One can check that 
B G © Hq). For |A| > 1 we have 

Ran(i? — A/)"'" = Ran(S'* — A/)'*‘ © Ran(S' — A)'*‘ = ^Ci/\ © {0}. 

When |A| < 1 we have 

Ran(_B — XI) = Ran(S'* — A/) © Ran(S '|//2 — XI)^ = {0} © Ran(5'|^2 — XI)^. 

A little exercise shows, still assuming |A| < 1, that 


Ran(S '|^2 - XI)^ = C——— 
° z 

Thus the abstract model for B on (B H§ is 


r(A) 


(0©£A^)^1 if|A|<l, 
(ci/A © 0) © 1 if |A| > 1. 


For fi G and /2 G Hq, we have 


r(A)3/i©/2) 


/2(A)/A if|A|<l, 
/i(l/A) if|A|>l. 


Example 3.12 {S © S*). Recall the representation of S' © S'* as a block operator 
matrix with S* repeated on the subdiagonal acting on the Hilbert space 


k>0 


One can show that 


and 


Ker(S©S*) = {5W}r.o 

Ran(S©S*) = 


Sf =6kjl 


hf = zHoj. 


We also need to calculate Ran(S © S* — wl)^. For any w G C \ T: 

Rln(S © S* - wl)^ = Ran((S © S* - wI)Po)^ 

= Ker(Po(S* © S — wl)), 

where Pq projects onto 

^0 =Ker(S©S*)^. 

k^l 

Hence we need to determine the set of all h G "H such that 

—W S 

—w S 

(S* © S - wl)h = -w S 



ho 


CqI 


hi 


Cil 


h 2 

= 

C21 
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where Ck S C. This yields the recurrence relation Shk+i = whk + Cfel, and acting 
on both sides of this equation with S* yields 

hk+i = wS*hk, fc G N U {0}. 

It follows that a basis for Ran(S' ® S* — wl)-^ is the set {h/;(r(;)} where 
hk{w) = 

Although this is true for any w G C \ T, in the case where u> G De = C \ 10“, we 
instead choose 

gk{w) =w~'^hk{w) = {{z/w)’^,iz/w)’^~\...,l,0,...) 

as a basis for Ran(S' (Si S* — wl)^. 

A natural choice of model for S' 0 S'* is then 

OO 

r(ui) (g) Gfe, 

1=0 

where {ek}k^o is an orthonormal basis for C°° := £^(N U {0}), and 

, \h.j{w) if in G D, 

= I r I -f ^ TP, 
l^gjdn;) if in G De- 

4. The Livsic characteristic function 

What is a unitary invariant for the partial isometries? We begin with a result of 
Halmos and McLaughlin Ha- 

Theorem 4.1. Suppose A, B G M„(C) are partial isometric matrices with 
dim(Ker(A)) = dim(Ker(R)) = 1. 

Then A is unitarily equivalent to B if and only if their characteristic polynomials 
coincide. 

This theorem breaks down when the defect index is greater than one. Indeed, 
consider the following matrices: 


A = 


■ 0 

1 

0 

0 ■ 


■ 0 

1 

0 

0 ■ 

0 

0 

1 

0 

, B = 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1- 

O 

0 

0 

0 


0 

0 

0 

0 


(4.2) 


From Proposition [531 see that A and B are partial isometries with 
dim (Ker(A)) = dim (Ker(R)) = 2. 

Moreover, the characteristic polynomials of A and B are both equal to z^. However, 
since A and B have different Jordan forms, A is not unitarily equivalent to B. 

The replacement for Theorem 14.11 when the defect index is greater than one, and 
which works for general partial isometries on infinite dimensional Hilbert spaces, 
is due to Livsic m- Let V G Yn and let {vi,...,v„} be an orthonormal basis 
for Ker(P). Since the deficiency indices of V are equal, we know from Proposition 
12.61 that V has a unitary extension U (in fact many of them). Define the following 
n X n matrix 


wviz) = z[{{U - zl) Vfe)][(([/-z/) ^Uvj,Vk)Y 


z G 


(4.3) 
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Livsic showed that wv is a contractive analytic M„(C)-valued function on ID) and 
that different choices of basis {vi,..., v„} and unitary extension U will change wy 
by Q 1 WVQ 2 , where Qi, Q 2 are constant unitary matrices. The function wy, called 
the Livsic characteristic function, is a unitary invariant for Yn- 

Theorem 4.4 (Livsic). If Vi,V 2 € 'f'n, then Vi and V 2 are unitarily equivalent if 
and only if there are constant n x n unitary matrices Qi, Q 2 such that 

Wy^{z) = QiWy,,{z)Q 2 Vx £ D. (4.5) 

Two M„(C)-valued contractive analytic functions wi,W 2 on D are said to coin¬ 
cide if that satisfy (H31) . Livsic also showed that given any contractive, analytic, 
M„(C)-valued, function ic on D with ■u;(0) = 0, then there is a such that 

wy = w. One can quickly check that (I4.5I) defined an equivalence relation on such 
matrix-valued functions. In other words, there is a bijection from unitary equiva¬ 
lence classes of partial isometries with indices (n, n) onto the unitary coincidence 
equivalence classes of contractive analytic M„(C)-valued analytic functions on D 
which vanish at zero. 

Using the definition above to compute wy can be difficult. However, if one reads 
Livsic’s paper carefully, there is an alternate way of computing wy [18]. 

Proposition 4.6. For V £ Fn, let {gi ,..., be an orthonormal basis for Ker(U) 
and let {hi,... hn} be an orthonormal basis for Ran(U)"*“. For each z £ ID /et 
{gi{z),... ,g„(z)} be a (not necessarily orthonormal) basis for KaniV — zl)-^. Then 

wy{z) = z[{hj,gk{z))]~^[{gj,gk{z))]. 

The construction above can be rephrased as follows. For any z £ C \ T, let 

j,, :C'"^]Sn(U-z/)-^, 

be an isomorphism. Furthermore, suppose that jo is a surjective isometry and let 

j=joo:C'‘^Ker(U)^, 

also be a surjective isometry. The Livsic characteristic function of V is then 

Wy{z) = zA{z)~'^B{z),, (4.7) 

where A{z) := j*jo and B{z) := j*joo. 

Example 4.8. Suppose 0 is a scalar-valued inner function with 0(0) = 0. Note 
that 

Ker(S'e) = C—, Ker(S'e)-‘‘ = Dom(Me), 

z 

Ran(S' 0 ) = zDom(Me), Ran(S' 0 )'*‘ = C. 

In the formula for wy in the previous proposition, we get g = Qjz and h = 1. In a 
similar way we have 

Ran(S '0 — zl) = {w — z) Dom(M 0 — zJ), Ran(S '0 — zl)'^ = Ckf. 

Thus take g{z) = kf and note that z i—>■ g{z) is anti-analytic. From here, one can 
show that wy{z) = 0 (^). 
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Example 4.9. If G M„(C), dim (Ker(A)) = 1, and a{A) = {0, Ai,..., An-i} C 
D, then we know from ProDOsition l2.8l that Furthermore, if 0 is a Blaschke 

product whose zeros are cr(A), then a well-known fact is that crp(5'e) = cr(^). 
By Halmos-McLaughlin fTheorem 14.11) . Sq is unitarily equivalent to A and thus 
WA = 0 - 


Example 4.10. For the two matrices A and B from (|4.2|) one can easily compute 
unitary extensions for A and B. Using the definition of wa and wb from (IQ) we 
get 


wa{z) 


' z o' 


■ Z^ 

0 

0 z3 

, WB = 

0 

z^ _ 


From here one can show there are no unitary matrices Qi,Q 2 such that wa{z) = 
QiWb{z)Q 2 for all z G ID). Indeed, if there were, then 


|z| = ||wa(2)|| = ||wb(z)|| = |z|^ z G D, 


which is impossible. 


Example 4.11. Recall the operator S'* © S' from Example 13.101 where we showed 
that 

Ker(S* © S) = C © {0}, Ker(S* © S)-^ = 

Thus 

lSln(S* © S) = S*|b 2 0 S, R^(S* © S)-^ = {0} © C. 

In the formula from Proposition 14.61 we can take 5 = 1 © 0 and h = 0 © 1. Notice 
that 

R^(S* © s - z/) = (S* - zl) © (S - z/)|Ker(S*eS) 

= (S*-z/)|b2©(S-zJ) 

= (B (w - z)H‘^ . 


If Cz{w) is the standard Cauchy kernel for we see that 

Ran(S* © S — z/)-*- = 0 © Cj. 

So in Proposition 14.61 we can take g{z) = 0 © Cz. A computation yields 

Ag,g{z)) Ji©o,o©Cz) „ 

= * (MW) = ho©l,0®c.) = "■ 

Example 4.12. To calculate the characteristic function of S © S*, it is perhaps 
easiest to consider the block operator representation from (12.131) . In this case, given 
h = (ho, hi,...) G H where hk G we have 


(S©S*)h = 


0 

s* 


0 

s* 



ho 


0 


hi 


S*ho 


h2 

= 

S*hi 






so that an orthonormal basis of Ker(S © S*) is where = 6kjl- Note 

that 

Ker(S©S*)-L =1^0 :=0^fo> 

k^O 
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in which = {/ G : /(O) = 0}. Similarly 


{S* ® 5)h = 


0 s 

0 S' 

0 s 



ho 


'Shi' 


hi 


Sh2 


h2 

= 

Sho 






so that 

Ran(S (g) S*)-^ = Ker(S* ® S) = 0{O} 

k^l 

has orthonormal basis where standard basis of bk{z) = 

and bf'’ = bkSoj. 

A calculation yields 


Ran(S (g) S* — w/)"'" = {hfe(w)}, hk{w) = {z’^,wz’‘ 0,...). 

Putting this together, ws®s* (z) = zA{z)~^B{z) where 

A{z) = [{U^\hj{z))] = [{z’^,z^)h^ = 6 kj] = I, 


and 
so that 


B{z) = [((5('=\hj(z))] = [{l,z''l)H^Skj] = [z'^Skj], 


ws<»s-{z) = 


5. HeRGLOTZ SPACES 

There is a canonical choice of abstract model space for operators from 'f'n called a 
Herglotz space. A M„(C)-valued analytic fnnction on D is called a Herglotz function 
if 

UG{z) ■.= \{G{z) + G{zr)f,0. 

There is a bijective correspondence between M„(C)-valued Herglotz functions G on 
lED and M„(C)-valued contractive analytic functions & on D given by: 

h^Gb:={I + b){I-b)-^ and G ^ be := {G - I){G + I)-^. 

Any Herglotz function on D extends to a function on C \ T by 

G(l/A) := -G(A)*, 

which ensures that G has non-negative real part on C \ T. Note that if G = Gh 
for a contractive analytic function 5, then it follows that b can be extended to a 
meromorphic function on C \ T which obeys 

6(A)6(1/A)* =1. 

Given any contractive analytic M„(C)-valued function b on D, consider the pos¬ 
itive matrix kernel function 

Gb{z) + Gbiw)* 


Kw{z) : 


1 — zw 


0, li; G C \ T. 



PARTIAL ORDERS ON PARTIAL ISOMETRIES 


17 


By the abstract theory of reproducing kernel Hilbert spaces [2T], it follows that 
there is a reproducing kernel Hilbert space of C”-valued functions on C \ T with 
reproducing kernel Km{z). This RKHS is denoted by jSf (6) and is called the Herglotz 
space corresponding to b. 

Theorem 5.1. Let V € ’f'ni'H) with characteristic function wv = b and suppose 
that r is an abstract model for V. Then there is an isometric multiplier from the 
abstract model space JtTvx onto the Herglotz space More precisely, there is 

an analytic Mn{C)-valued function W on C \ T such that W = -^{b) and 

\\wf\\^(b) = \\f\\jl^v,r> f e ^v,r- 

Proof. We will prove this by adapting the approach of [H Section 4] to prove the 
following formula for the reproducing kernel k^{z) of d^v,T 

1 — zw 

where 

Mz) ■= fzjo and B{z) := j*J, 

and the maps jz,j : C" —?> 'H are as defined before formula (I4.7I1 . Namely, 

jz :C”^Rln(F-z/)-L, 

is an isomorphism such that 0 i-A jz is anti-analytic, jo is a snrjective isometry and 

j = joo : ^ Ker(H)^, 

is also an onto isometry. 

To prove consider the abstract model space J^v,t for the model T of V. 

The reproducing kernel is 

k.ui{z) = r(z)*r(r(;). 

Now for any u, v S C”, if Qoo denotes the projection of H onto Ker(3y,r)^ and Qo 
denotes the projection of H onto Ran(3y,r), then 

((3rkw)(z)u,v),^„ = (3rkwU,kzv)r = (kn,u,3rQookzv)r 

— (3r^ookzV, k,„ujp 

= w [(fcp„(z)u, v)f,„ - {{P^kzo){z)u, v)j,„], 

where Poo = I — Qoo- However, 3f also acts as multiplication by l/z on Ran(3r) 
and so 

((3rfc«,)(2:)u,v)c„ = ^{QQkwU,kzv)r 

= ^ [(ky,(z)u,v)f.„ - ((Pok^,)(z)u,v)f .„], 

where Pq = I — Qq. Equating these two expressions yields 

_ {Pokyj){z) - zw{Pookw){z) 

^W\^) — 1 _ 

1 — ZW 

Now define surjective isometries jo : C" —^ Ran(H)-‘- and joo '■ C” —^ Ker(H), and 
let jz = r(z) for any z G C \ T, z ^ 0. Observe that \i Up ■. TL ^ Jjfv-P is the 
unitary transformation onto the abstract model space given by Upf{z) = r{z)*/, 
then 

Po = Upjoj*oUf 
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and 

k^u = UrjwU 

for any u G C”. It follows that 

iPok^)iz) = jtU^UrjoJoUrUrJ^ 

= fzJojoJw = A{z)A{w)*, 

and similarly 

{Pookw){z) = j*joojtoJw = B{z)B{w)*, 
so that the reproducing kernel for takes the form in (15.211 as claimed. 

To obtain the isometric multiplier W from onto we proceed as 

follows. By Proposition 14.61 it further follows that for z G D, A{z) is invertible 
and b{z) = zA{z)~^B{z) and so 

'l-b{z)b{wy 


K{z) = A{z) 


A{w)*, z, w G D, 


1 — zw 

and similarly for z,w G C \ D“, B{z), B(w) are invertible and so 

A-b{z)-^[b[w)*)-^ 


K{z) = B{z) 


= B{z) 


1 - z-IrJ-i 
l-6(l/z)*6(l/ziJ) 


B{w) 
B{wY, 


1 - z-%"^ 

Now compare this kernel for to that of 

Gb(z) + Gb(u; 


|z|, Iwl > 1 
z|, |u>| > 1. 


K^{z) = 


Using the formula 


Gf, := 


1 — zw 
1 + b 


1 - 6 ’ 

and the fact that 6(z) = zA{z)~^B{z) for z G D, we have 

A{z) + zB{z) 


Gb{z) = 


z G C\T. 


A{z)-zB{zy 

Inserting this expression into the formula for the kernel Kw{z) of A^’{b) yields 


K^{z) = V2{A{z) + zB{z)y 


_i / A{z)A{wy — zB{z)B{wyw 


{A{wy + B{wyw) ^V2. 


1 — zw 

The preceding simplifies to 

W {z)k^{z)W (w)*, z,u;GC\T 

where 

W{z):=V2{A{z) + zB{z))~^, z G C \ T. 

Hence W : Mv,t —>■ -^{k) is an isometric multiplier of My onto Af{b). 

It follows that given any model T for the partial isometry V, we can define a 
new model: 

f(z) :=r(z)IU(z)*, 

so that 

kUz) = w(z)r(zyr(w)w(wy = k^{z). 

This shows that Mf = M{b), so that M{b) can be thought of as the canonical 
model space for a partial isometry with characteristic function wv = b. Since M{b) 
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is canonical in this sense, we will use the notation 3h for the partial isometry which 
acts as multiplication by z on its initial space in ^{b) and is unitarily equivalent 
to y. It is also straightforward to check that the characteristic function of 3h is b 
so that b = wv ■ □ 


6. The partial order of Halmos and McLaughlin 


Halmos and McLaughlin gave the following partial order on the set of all partial 
isometries, not only the ones in [E]. For two partial isometries A, B, we say that 
A ^ B a B agrees with A on the initial space of A. Since A* A is the orthogonal 
projection onto its initial space, A B if and only if 

A = BA* A. 

The following follows quickly from the definition of 

Proposition 6.1. The relation defines a partial order on the set of partial isome¬ 
tries. 


Example 6.2. (1) Suppose that {ui, U 2 ,..., u„} is any orthonormal basis for 

C". The matrices 


A = [ui|u 2 | • • • |u,.|0|0| • • • |0], B = [ui|u 2 | • • • |ur|ur+i|0| • • • |0] 


are partial isometric matrices and one can check that A ^ B. 
(2) Consider the n x n block matrix 


V = 


0 0 
U 0 


where U is any r x r unitary matrix. If A is any (n 
isometric matrix, one can show that 


^4 


0 A 
U 0 


r) X (ji — r) partial 


is a partial isometry. Using block multiplication of matrices one can verify 
the formula 


V = Va(V*V) 


and so U f:, VA- One can argue that if W is any partial isometry with 
V then W = Va for some partial isometry A. We thank Yi Guo and 
Zezhong Chen for pointing this out to us. 

(3) Recall the operators A = S'* © S' on and B = A\ij 2 ^h§ from 

Examples 13.101 and 13.111 Since Ker(B) = C © 0, Ker(B)''- = Hq © Hq. 
Note that 


and so B Y A. 


B\Ker(B)-^ — ^lKer(B)-i- 


7. Two OTHER PARTIAL ORDERS 

Let 5^n{T~L) denote the simple symmetric linear transformations on T-L with (n, n) 
deficiency indices and denote the collection of all such operators on any Hilbert 
space. Recall here that a symmetric linear transformation S is said to be simple if 
its Cayley transform V = f{S) is completely non-unitary. 


Definition 7.1. 
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(1) For S S yniT-Ls) and T G we say that S' ^ T if there exists an 

isometric map U : 'Hs — t 'Hr such that U Dom(S) C Dom(T) and 

C^S|Dom(S) = 'rC/|Dom(S)- 

(2) For S G S^ni'Hs) and T G we say that S T ii there exists a 

bounded injective map X : 'Hs —t 'Ht such that X Dom(S) C Dom(T) and 


Definition 7.2. 


(1) For A G yniHA) and B G we say that >1 ^ i? if there exists an 

isometric map U : J^a —t such that t/Ker(A)-*- C Ker(i?)'^ and 

t^^lKer(A)-i- = 5C^lKer(A)-i-• 

(2) For A G 'f'niHA) and B G HniMs) we say that A B ii there exists an 

injective X : -A J^b such that XKer(A)'^ C Ker(i?)'^ and 


-^^lKer(A)-L — 5-’^lKer(A)^ • 

Given A G %i{Ha) and B G %i{Hb), let S = f3~^{A) and T 


m = 


z — I 


r\z) = i 


l + z 


P ^{B), where 


Standard theory implies that S G .S^niHA) and T G S^n{HB)- The following two 
facts are straightforward to verify. 


Proposition 7.3. With the above notation we have 

{\) Ax B ^ S XT; 

{2) A XqB ^ S Xq T. 

Proposition 7.4. The relations X o-nd Xq o-re reflexive and transitive. 

Recall here that any binary relation which is reflexive and transitive is called 
a pre-order [231 Definition 5.2.2]. This proposition shows that and Xq are pre¬ 
orders on 'T, the set of all completely non-unitary partial isometries with equal 
deficiency indices. 

Definition 7.5. For A,Bg 'f'n, we say that 

(1) A^ B if both A X B and B X A\ 

(2) A ^q B \i both A Xq B and B Xq A. 

ft is well-known that given any pre-order < on a set S, if one defines a binary 
relation ^ on S' x S' as above, then ~ is an equivalence relation and < can be viewed 
as a partial order on S/ ^ [531 Proposition 5.2.4]. In particular we have that: 

Corollary 7.6. The binary relations ^ and ^q are equivalence relations on Yn and 
the pre-orders X and Xq induce partial orders on Ynj ^ and Yn! ^q respectively. 

At this point, one could ask what the equivalences classes generated by ~ and ^q 
are. In particular, one might expect that the equivalence classes of ~ to simply be 
unitary equivalence classes. We can show that this is the case for a large subclass of 
Yn (see Theorems IQ and lOl) . but the proofs are nontrivial. Before investigating 
the nature of these equivalence classes further, it will first be convenient to develop 
a function theoretic characterization of these two partial orders in terms of multi¬ 
pliers between the abstract model spaces or Herglotz spaces associated with partial 
isometries in Yn. 




PARTIAL ORDERS ON PARTIAL ISOMETRIES 


21 


8. Partial orders and multipliers 

Recall the associated operator 3 a of multiplication by the independent variable 
on defined on Dom(3A) = {/ G '■ zf G ^a}- Also recall the associated 
partial isometry 3 a obtained by extending 3 a by zero on Dom(3A)'''- 

Theorem 8 . 1 . For A, B € with associated operators 3a on J^a and 3b on 
Jtfs, the following are equivalent 

( 1 ) A B; 

(2) 3a =4q 3 b; 

(3) There exists a multiplier from JifA to J^b- 

Proof. Assume that A =4q B. Then there is a bounded injective operator X : TLa —> 
Hb with XKer(T)^ C Ker(i?)-‘- and AAl|Ker(A)^ = ^A'|Ker(A)-L • Let Ua ■ TLa ^ 
,XFa be the unitary which induces the unitary equivalence between A and 3 a) that 
is, Ua Ker(pl)^ = Dom(3A) = Ker(3A)^ (and hence Ua Ker(Al) = Ker(3A)) and 
such that T^aUa = UaA. Define 

Y : ALTa^ ALAb, Y = UbXU*a 

and note that 

rKer(3A)^ = DsXDl Ker(3A)^ = UBXKev{A)^ 

C Ub Ker(B)-‘- = Ker(3B)^. 

Also note that if / G Ker(3A)"’' = Dom(3A) then / = UAXf for some a;/ G Ker(A)-*-. 
Moreover, 

Y^Af = UbXUXSaUaxj = UbXAxj = UbBXxj 
= XbUbXxj = f>BUBXUXf = ^BYf. 

This is precisely the definition of 3 a 3b- Thus statement (1) implies statement 
(2). 

The proof of (2) (1) is similar. Indeed, if 3 a =4q 3b then there is a 

bounded injective operator Xi : JY'a -a M’b with Ker(3A)“'“ C Ker(3B)"’' such 

that Xi3A|Ker(3A)-L = 3 bA i IxerOAf-^ ■ Define 

Yi-.Ba^Ub, Yi=U*bXiUa 

and follow the computation above to show that YiA\]Aer{A)^ = -®Li|Ker(A)-L- 

We now show the equivalence of statements (2) and (3). First we note that for 
any a G C and w G C \ T that 

G Ran( 3 A — wl)-^, G Ran( 3 B — wl)-^. 

This implies that 

Ran( 3 A - wl)^ = \J k^Si, Ran( 3 B - wl)^ = \J fc^a. 

aeC” aeC" 

Recall that 

Ker(3A)^ = Dom(3^), Ker(3B)-^ = Dom(3B). 

Now suppose that X : JYa -a JYb is injective with 

XKeY{f)A)^ C Ker(3B)-^ 
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and 


-’^3A|Ker(3A)-L “ |Ker(3A)-L • 

Then for any / G M’a we have 

{iXf){z),a)c« = {Xf,kS) = {f,X*kS)- 

Since 

X Ra.n{^ A — wl) CRa.n{^ B — wl), wGC\T, 

we obtain 

X* RanOe - wl)^ C Ran(3A - = \/ k^a. 

aeC" 


Thus 


X*kfa = k^R{z)a 

for some R{z)* £ Mn(C), which says that 


((X/)(z),a)cn = (f,X*kfa) = (f,kfR(zra)A^, 

= {f(z),R(z)*a)c" = {R{z)f{z),a)c’^. 


This says that 

{Xf){z)=R{z)f{z), z£C\T. 

Conversely, suppose that i? is a multiplier from to Then, via the 

closed graph theorem, Mr, multiplication by R, is an injective bounded operator 
from J^fA to This means that if / G KerO^)"*" = DomOn) then Rf, and 

zRf = Rzf G J^B and so Rf G DomOs) = KerOB)"*"- Thus 

MaKevi^A)^ C KerOs)^. 

Furthermore, for / G Ker(3A)^ we have 

{MRf)Af){z) = {RSAf){z) = R{z)zf{z) = zR{z)f{z) 

= OBRf){z) = OBRf){z). 

Thus 3a 3b- □ 


Theorem 8.2. For A,B £ Yn with associated operators 3a on M’a and 3b on 
JYb, the following are equivalent 

(1) A ^ B; 

(2) 3a 3b; 

(3) There exists an isometric multiplier from JYa to JYb . 


Proof. The proof is the same as before but multiplication by R is an isometric 
multiplier. □ 

Example 8.3. Suppose 0i and 02 are inner functions and consider the partial 
isometries Me^ on /Ce^ and Mq^ on If 0i divides 02, i.e., 03^02 is an inner 
function, then Mq^ =4 Mq^ since /Ce^ C Kq^- The isometric U : /Cgi —>■ Kq.^ can 
be taken to be the inclusion operator. Note that the norm on both spaces in the 
same (the norm) and so this inclusion is indeed isometric. 
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Example 8.4. The previous example can be generalized further. Suppose that 02 
is an arbitrary contractive M„-valued analytic function such that 02 = 0i4> where 
$ is a contractive analytic M„-valued function and 0i is inner. Then by 11-6], 
/Coj is contained isometrically in the deBranges-Rovnyak space J^(02). By Section 
[5l the reproducing kernel for any Herglotz space ^{&) on C \ T can be expressed 
as 



Viz)k2iz)Viwr, 


where is the reproducing kernel for the deBranges-Rovnyak space It 

follows that multiplication by V{z) := y/2{l — Q 2 {z))~^ is an isometry from .^(02) 
into the Herglotz space .if(02). Hence V : JCe^ C .^(02) — >■ .if(02), the operator 
of multiplication by V{z), is an isometry of /Cei into .if (02). Recall that the 
canonical partial isometry which acts as multiplication by z on the largest possible 
domain in .if(02) is denoted by 302 (see Section[5]), and the corresponding isometric 
linear transformation is 3 e 2 - By the definition of the domain of Dom(Mej), 


Dom(M0j =Ker(MeJ-^ = {/ e zf{z) € /CeJ. 


It follows that HDom(M 0 j C DomOea) and that VMq^V* C 302 so that ^ 
302- Since 30i — this also shows that 30i 302 whenever 0i is inner, 02 

is contractive and 0 i ^ 02 . 

Now suppose that $ := 0r where <I>,0,r are all scalar-valued inner functions 
on D. Let 



Then A is a 2 x 2 matrix-valued inner function, and note that M)( has indices 
(2,2), and that there is a natural unitary map W from /Ca = K-q © /Cr onto 
/C$ = ICq © 0/Cr- Namely 


WU®9) :=/ + 0ff, 


so that if we view elements of /Ca as column vectors then W acts as multiplication 
by the 1x2 matrix function 


IT(z) = (l,0(z)). 


It follows that M\ =4 Af$, where M\ has indices (2, 2) and has indices (1,1). 

Example 8.5. Even more generally suppose that 0, $ are arbitrary contractive 
analytic M„(C)—valued functions on D such that 0 divides $, i.e., $ = 0r for 
some other contractive analytic M„(C)-valued function T on D. As in the previous 
example the reproducing kernel for the Herglotz space .5f(0) on C \ T is: 


^ 0 . , _ Ge(z) + G^ 
\^) 1 - 


and using that Gq = (1 + 0)(1 — 0) this can be re-expressed as 
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Recall here from Section [5] that 0 is extended to a matrix function on C \ T using 
the definition Q{z)Q{l/'z)* = I. Let 

W{z) := iI-^z))-\l-Qiz)), 

and observe that 

K^{z)-W{z)K^{z)W{wr 

is equal to 

V2il - $(z))-i0(z) ( 0(u;)*(j _ $(u;)*)-iy2 
\ 1 — zw J 

= {I- $(z))-i0(z)(/ - T{z))Kiiz){i - rH)*0H*(/ - 

where K^{z) is the reproducing kernel for the Herglotz space ^(F) on C\T. This 
shows that the difference K^{z) — W{z)K'^{z)W{w)* is a positive M„(C)-valued 
kernel function on C \ T, and so it follows from the general theory of reproducing 
kernel Hilbert spaces that W{z) is a contractive multiplier of -S?(0) into ^($) [HJ 
Theorem 10.20]. Theorem 18.11 now implies that 3e =4q 3$ whenever 0 divides $. 

Example 8.6. Suppose that 0 is a scalar inner function and a G D. A theorem of 
Crofoot [U says that the operator 

C/:/Ce^/Ce„, Uf= 

1 — a0 

is a unitary operator from /Ce onto , where 


Thus Me = and so certainly Mq ^ Me^. 

Example 8.7. Continuing the previous example, now suppose that $ is a scalar 
inner function such that 0^ divides $. Then one can see (by composing the unitary 
operators from the previous two examples) that Mq ^ M$. 


Example 8.8. For a scalar inner function 0, let a be the unique finite positive 
measure on T satisfying 


|l-0(z)|= 


IC-^I 


Such a measure a is one of the Clark measures corresponding to 0. From Clark 
theory (35] we know that 

/Ce = (l-0)^.L2(a), 

where 

: L\a) ^ ^(D), ('r./)(z) = f da(C), 

jt 1 — 

is the Cauchy transform operator, and 

||(i-0)^./|| = ||/IU.(„). 

It is also known that E := {(C G T : lim^^i- &{rC) = 1} is a carrier for a. Let 
F C E he such that p, = alp is not the zero measure. Standard Clark theory says 
that p is the Clark measure for some inner function $, meaning that 


|l-$(z)P 




■dp{C), 


z G D. 
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Note that we have C (understanding this inclusion by extending 

the functions in to be zero on T \ F). Furthermore, observe that 

/Ce = (1 - &)^aL\a) D (1 - 


Thus (1 — 0)(1 — is a multiplier from /C$ to /Ce. Furthermore, if F £ /C<i>, 
then F = (1 — $)'^cr/, where / G F^(/r) (and considered to also be an element of 
F^(cr) by defining it to be zero on T \ F). Finally, 


1-0 
1 - $ 


F 


2 


11(1-eWf 



I/pda = I |/|> = ||Ff. 


The last equality says that (1 — 0)(1 — $) ^ is an isometric multiplier from /C$ to 
/Ce. 

This example is significant since it provides us with an example of two (scalar) 
inner functions $ and 0 such that ^ Mq, but so that $, the Livsic function 
for does not divide 0, the Livsic function for Mq. Indeed, let 

e(.) = exp(i±i) 

be an atomic inner function. One can show that 

{CeT:0 = l} = ||^:nez|, (8.9) 


which is a discrete set of points in T accumulating only at C = 1. Let F be a finite 
subset of (j8.9ll and construct the inner function $ as above. A little thought shows 
that $ is a finite Blaschke product. From the discussion above, 


is an isometric multiplier from /C$ into /Ce. From this we get that Mq . But 

<1) is a finite Blaschke product and 0 is a inner function without zeros in D. Thus 
<1) does not divide 0. 

If one wanted an example in terms of compressed shifts (iS'„ ^ Sy but the inner 
function u does not divide the inner function v) one would need to have u(0) = 
v(0) — 0 which can be accomplished as follows: Let 


V = Z0, 


u = 


$ — a 
1 -d$’ 


where a = $(0). This makes u(0) = 0. If F is the isometric multiplier from /C^ onto 
/C$ (via Crofoot) and G = (1 — 0)(1 — $)“^ then, using the fact that F$ C /C„, we 
see that FG is an isometric multiplier from /C„ to /C„ and so Sy =4 Sy. However, u 
is a finite Blaschke product and cannot possibly divide v. 


Example 8.10. Recall the operators A = S'* © F on and B — 

Notice that the operator W := J © S is an isometry from TL := onto WTL. 

Moreover, 


B = WAW* = S* © SSS* = (S* © S)(I © SS*) = A(I © SS*). 


Notice that J © SS* is the orthogonal projection of ?{ onto WB. Thus 


WAW* = A\wn 
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and so, since WT-Lis a. proper invariant subspace of it follows that A is unitarily 
equivalent to a restriction of itself to a proper invariant subspace. One can check 
B ^ A and the associated multiplier from the abstract model space J^b to J^a is 


R{z) 


z if \z\ < 1, 
1 if|0|>l. 


Proposition 8.11. The equivalence class, [A\q, of the partial isometry A := 
S* (B S on is the unique maximal element of Yif with respect to the 

partial order =4q- Moreover it is larger than every other element of Til '^q with 
respect to =4q- 

Proof. This follows straightforwardly from Example 18.51 By Example 18.51 if 0,$ 
are contractive analytic functions on D such that 0 divides $, then 3e =4q 3$- The 
characteristic function of A is wa = 0, and so any contractive analytic function 
b divides wa- wa = 6-0 = 0. It follows that if V is any completely non-unitary 
partial isometry with indices (1,1), that its characteristic function wy divides wa- 
Hence V ~ 5wv Tq 3 ™^ ^ A, and V 4q A, so that [V]q 4q [A]q, where [•], 
denotes ^q equivalence class, for any V follows that \A\q is maximal since 

if [A\q =4q \V]q for some V & Yi then also \V]q ^q [A\q so that \V]q = [A\q since 
is a partial order oxiT'il '^q. [H]g is clearly the unique maximal element since 
if \V]q is another maximal element then \V]q =4q [A\q which implies \V]q = [A\q by 
maximality. □ 


Remark 8.12. Similarly one can show that for any n G N, the equivalence 
class of (S'*)" © S", or equivalently (0^^! S*) © (0^^! S) is the unique maximal 
element oiTn! ^q with respect to the partial order =4q. 

By Examples 18.31 and 18.41 if 0,$ are contractive analytic M„(C)—valued func¬ 
tions on D with 0 inner, and 0 divides $ then 3e ^ 3$- It follows as in the proof 
of the above proposition that the ^ equivalence class [n- A\ oin- A := (S*)" © S" is 
greater than that of V with respect to the partial order =4 on Tl/ ^ for any V G Tn 
for which the characteristic function wy is inner. 

For 0 inner, let Mq be the multiplication operator on K-s and let 3e := 
be the abstract model realization of Mq. Also let Mq and 3e be the partial 
isometric extensions of Mq and 3e- We know that Mq and 3e have the same 
Livsic characteristic function and thus they are unitarily equivalent. 

Furthermore, by Section |8l for two inner functions 0 and $ we have that Mq =4 
M^ if and only if there is an isometric multiplier from ICq to /C$. Thus we see that 
30 ^ 3$ (which is equivalent to the fact that there is an isometric multiplier from 
to if and only there is an isometric multiplier from ICq to /C$. This 

relates the isometric multiplier problem in the abstract setting to the one explored 
by Crofoot [1]. 

Example 8.13. Consider the partial isometries Mb, which act as multiplication by 
z on their initial spaces in a model space K-b where 5 is a finite Blaschke product. 
This example will show three things. First we will show that Mi := Mb^ =4q M 2 := 
Mb 2 if and only if the degree of B 2 (number of zeroes) is greater than that of 
Bi, demonstrating that the partial order is somewhat trivial when restricted 
to such partial isometries. Next we provide an example of Mi ^ M 2 for hnite 
Blaschke products Bi, B 2 even though Bi does not divide B 2 - Finally we will show 
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that there exist Bi,B 2 so that the degree of Bi is less than that of B 2 but Mi is 
not less than M 2 with respect to This will show that the two partial orders ^ 


and are different. 


Let Bi,B 2 be finite Blaschke products of degree n ^ m and zero sets {zi,z„} 
and {wi, respectively. Then 

p{z) 


Afsi = 


(1 - Ziz) • • • (1 - ZnZ) 
and similarly for }Cb2 ■ Since n ^ m, the function 

R(^) 


p G C[z]; deg(p) < n - 1 


(1 - wiz) ■■■{! - WmzY 

is analytic, bounded on ID), and is a multiplier from K-Bi into /Cb^- By Theorem IS.l 
and the discussion above, we have that Mi =4q M 2 . 

Let 


Bi{z) = z'^, B2 {z) = z 


z — a 


a Y 0. 


Note that 


/Cbi — {do + : do,di G C}, 

1C, 

Thus, as just seen above, if 


y. rCoTClZ 

A-B2 = {-;-=— ) Co, Cl G (L|. 


1 — az 


1 


we clearly have ^/Cbi C /Cbs- In fact (/)/Cbi = ICb 2 ns a bonus. Hence there is a 
multiplier from /Cbi to /Cb 2 - However, there is no isometric multiplier from JCbi to 
JCb 2 and thus Mi =4q M 2 but Mi ^ M 2 . To see this, observe that since C C /Cbi 
we see that any multiplier (p from /Cbi to /C B 2 satisfies ^ G /Cb 2 • Thus 

Co + CiZ 

(P = -j- 

I — az 

Notice that ci = 0 since otherwise zp ^ ICb 2 . Thus (p takes the form 

9= 7 - 

1 — az 

If p is an isometric multiplier then p must satisfy the identities 

Il</'1|| = l|l|| = (#,</'!) = ( 2 :, 1) = 0. 


The first identity says that 

1 = y \p\^dm = |co| 

and so 


dm = Ico'^ 


= c 


|1 — az 




l-|a|' 


1 — az 

for some unimodular constant p. The second identity says that 

l-\a? 


0 = y \p'\^zdm,= y 


1 — azl2 


zdm. 


Notice how the above integral is the Poisson integral of the function z (which is 
certainly harmonic on the disk) and so it evaluates to a. Thus a = 0 which yields 
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a contradiction. Thus there there is a multiplier from ICb^ to /Cbut no isometric 
multiplier. 


9. Equivalence classes 

We have defined two equivalence classes ^ and on Yn by declaring B ii 
A ^ B and B ^ A (respectively A ^q B li A ^q B and B =4q A). Can we precisely 
identify these equivalence classes? In some cases we can. 

Theorem 9.1. Suppose A, B G Yi with inner Livsic functions. Then A B if 
and only if A is unitarily equivalent to B. 

Proof. If A ^ then there is an isometric multiplier ruA from /Ce^ to /Ce^. 
Likewise if i? ^ A, then there is an isometric multiplier niB from ICq^ to /Ce^. 
The product m := mArriB is a multiplier from ICq^ to itself. By a theorem of 
Crofoot, m must be a constant function with unimodular constant. Furthermore, 

We now claim that mAK-QA — ^Ob • Let g € /Cgb • Then m-Ag = / S /Cgb ^^.d 
so mg = mBmAg = mBf G ICqa- But then g = m~^mBf G ICqa s-nb WAff = /• 
But then the isometric operators 3 a and 3 b are unitarily equivalent via 

X-.ICeA^ICe^, Xf = mAf. 

Since A and 3 a are unitarily equivalent and since B and 3 b are unitarily equivalent, 
we see that A and B are unitarily equivalent. 

The converse is obvious. □ 

Is turns out that this result can be extended beyond n = 1 by applying the 
theory of |19j , but the proof is much more involved and we will not include it here. 

Theorem 9.2. Suppose A, B G Yn with inner Livsic functions. Then A ^ B if 
and only if A is unitarily equivalent to B. 

Theorem 9.3. Suppose A, B G Yi with inner Livsic functions. Then A ^q B if 
and only */^|Ker(A)^ *5 similar to i?|Ker(B)-L. 

Proof. Essentially the same argument as above shows that 3 a is similar to 3 b 
via the invertible multiplier rriA, i-e., Y : Kqa ^Gbj Yf = mAf. Moreover, 
y Dom(3yi) = Dom(3B). 

If Ua ■ TLa —t (here TLa is the Hilbert space on which A acts) is the unitary 
operator which induces the unitary equivalence of A and 3 a and Ub '■ T~Lb ^ 
is the unitary inducing the unitary equivalence of B and 3 b > one notes that by the 
way in which these operators were constructed, we have 

Ua Ker(H)^ = Dom(3A), C/s Ker(i?)-‘- = Dom(3B)- 
One can verify that the operator L = U^YUa ■ TLa -^TLb satisfies 
LKer(H)-^ = Ker(H)-^, LH|Ker(A)i = BT|Ker(A)-L. 

This shows that ^|Ker(A)J- is similar to S|Ker(B)^- 

As in the previous proof, the converse is obvious. □ 

Example 9.4. Let {ei,..., e„} be the standard orthonormal basis for C” and let 
{ui,..., u„} be any orthonormal basis for C". By Proposition 12.51 the matrices 

Vi = [e 2 |e 3 | • • • |e„| 0 ], V 2 = [U 2 IU 3 I • • • |u„| 0 ] 
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define partial isometries on C”. Note that Vi is the matrix representation of the 
compressed shift S'e on /Ce, where 0 = z”. 

From Example l4.81 we see that the Livsic characteristic function for Vi is 0 while 
the Livsic characteristic function for V 2 is the finite Blaschke product whose zeros 
are 0 along with the non-zero eigenvalues of V 2 fExample 14.91) . So unless 0 = 
for some ^ G T, Vi is not unitarily equivalent to V 2 iTheorem 14.411 . However, we 
can see that Vi V 2 in the following way. 

Observe from (12.31) that 

Ker(Vi)-^ = Y{ei,... Ran(Ei) = ^{ 02 ,..., e„}. 

Furthermore, Viej = Cj+i, 1 ^ j ^ n — 1. This means that if is the ordered basis 
{ei,..., e„_i} for Ker(Ei)-*- and ^2 is the ordered basis { 02 ,..., 0 „} for Ran(Vi), 
then the matrix representation of Vi|Ker(Vi)-L with respect to the pair (^ 1 , 1 ^ 2 ) is 

\'^lWei:(Vi)A(SSi,SS2) = ^n-1- 

In a similar way, 

Ker(E 2 )'^ = ^{ 01 ,..., e„_i}, Ran(E 2 ) = Y{ui,..., u„_i}. 

Moreover, V^ej = Uj, 1 ^ j ^ n — 1. This means that if is the ordered basis 
{ 01 ,..., 0 „_i} for Ker(V 2 )''‘ and ^2 is the ordered basis {ui,..., u„_i} for Ran(V 2 ), 
then the matrix representation of V 2 |Ker(i/ 2 )-^ with respect to the pair (‘^i,'^ 2 ) is 

[^2|Ker(I/2)-L](«’iX2) = In-l- 

Since we get the (n — 1) x (n — 1) identity matrix in both cases, we see, from basic 
linear algebra, that Vi|Ker(Vi)^ indeed similar to V 2 |Ker(V' 2 )-^- 
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